Abstract. We provide additional results in connection with Krein's formula, which describes the resolvent di erence of two self-adjoint extensions A 1 and A 2 of a densely de ned closed symmetric linear operator _ A with de ciency indices (n; n); n 2 N f1g. In particular, we explicitly derive the linear fractional transformation relating the operator-valued Weyl-Titchmarsh Mfunctions M 1 (z) and M 2 (z) corresponding to A 1 and A 2 .
The purpose of this note is to derive some elementary but useful consequences of Krein's formula, which appear to have escaped notice in the literature thus far.
We start with the basic setup following a short note of Saakjan 20] . This paper is virtually unknown in the western hemisphere, and to the best of our knowledge, no English translation of it seems to exist. Since the paper contains few details, we provide some proofs of the basic facts used in 20] .
Let H be a complex separable Hilbert space with scalar product ( ; ) (linear in the second factor), denote the identity operator in H by I, abbreviate the restriction I N of I to a closed subspace N of H by I N , and let B(H) be the Banach space of bounded linear operators on H. Let 
In addition, we call two self-adjoint self-adjoint extensions A 1 
(ii We collect the following properties of P 1;2 (z). f(m + 1 2 ) g m2Z \ p ( 1;2 ) = ; (24) and (P 1;2 (i) N+ ) ?1 = tan( 1;2 ) ? iI N+ : (25) In addition, tan( 1;2 ) 2 B(N + ) if and only if ran(P 1;2 (i)) = N + .
Proof. (i) is clear from (17).
(ii (20) is a straightforward (though tedious) computation using (17) .
(iv). By (20) , ran(P 1;2 (z) N+ ) ran(P 1;2 (z 0 ) N+ ): By symmetry in z and z 0 ,
is independent of z 2 (A 1 ) \ (A 2 ).
(v). Since (14) and (30). (24) is a consequence of (4), and (25) follows from the elementary trigonometric identity (i=2)(1 + e ?2ix ) = (tan(x) ? i) ?1 . By (25) and (21) Apparently, Krein's formula (34), (35) was rst derived independently by Krein 10] and Naimark 17] in the special case def( _ A) = (1; 1). The case def( _ A) = (n; n), n 2 N is due to Krein 11] . A proof for this case can also be found in the classic monograph by Proof. Combine (7), (8), and (22).
Krein's formula has been used in a large variety of problems in mathematical physics as can be inferred from the extensive number of references provided, for instance, in 2]. (A complete bibliography on Krein's formula is beyond the scope of this short note.)
Next, we observe that M A;N (z) and hence ?(P 1;2 (z) N+ ) ?1 and P 1;2 (z) N+ (cf. 
Next we note that for z 2 C nR,
Since by the Rayleigh-Ritz technique, projection onto a subspace contained in the domain of a self-adjoint operator bounded from below can only rise the lower bound of the spectrum (cf. 19], Sect. XIII.1), (41) and (42) prove (40).
In the remainder of this note we shall explicitly derive the linear fractional transformation relating the Weyl-Titchmarsh operators M A`;N1;2;+ associated with two self-adjoint extensions A`;`= 1; 2; of _ A. (51) Insertion of (51) into (50) yields (47) taking into account (48).
Since the boundary values lim "#0 (f; M A1;N+ ( + i")g) for f; g 2 N + and a.e. 2 R contain spectral information on the self-adjoint extension A 1 of _ A, relations of the type (47) entail important connections between the spectra of A 1 and A 2 . In particular, the well-known unitary equivalence of the absolutely continuous parts A 1;ac and A 2;ac of A 1 and A 2 in the case def( _ A) = (n; n), n 2 N, can be inferred from (47) as discussed in detail in 7] . Moreover, in concrete applications to ordinary di erential operators with matrix-valued coe cients, the choice of different self-adjoint boundary conditions associated with a given formally symmetric di erential expression yields self-adjoint realizations of whose corresponding M-functions are related via linear fractional transformations of the type considered in Theorem 9.
Although it appears very unlikely that the explicit formula (47) has been missed in the extensive literature on self-adjoint extensions of symmetric operators of equal de ciency indices, we were not able to locate a pertinent reference. In the special case def( _ A) = (1; 1), equations (44) and (47) are of course well-known and were studied in great detail by Aronszajn 3] and Donoghue 6] .
We conclude with a simple illustration. :
